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» Complex Analysis, Pluripotential Theory
e.g. Zakharyuta's extremal function, Kolmogorov problem on
asymptotics of entropy and widths of classes of analytic
functions, Kolmogorov' question, Zakharyuta's conjecture,
pluricomplex Green function with several poles.
» Interplay between Functional Analysis and Complex
Analysis
e.g Scales and common bases, characterization of hyperconvex,
resp. Liouville type manifolds M by submultiplicative invariants
of H(M)
» Functional Analysis

e.g. Invariants and applications, quasi-equivalence, isomorphic
classification of Fréchet spaces, automatic compactness.
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E nuclear Fréchet space, || - [|1 < |- |l2 < ... fundamental system
of semi-norms.

Basis in E = Schauder basis e : ey, €1 ..., every x € E has unique
expansion x = 3} yj(x)e;, y; € E' coordinate functionals.

e s x = (yo(x), y1(x),...) € Ae C K0 linear isomorphism, .
coordinate space.

Theorem of DYNIN-MITYAGIN: E nuclear Fréchet space, then

Ae = {6 =(80:&1,---) = €l = 22 1651 ]|« < oo for all k € N}
and ®. is a topological isomorphism.

Definition: 1f 0 < a; , < aj 41 < ..., supy aj, > 0 for all j, k
then the Kothe space A(A) is defined as

MA) = {x = (x0,x1,--.) : |Ixl[k = 22 [xj]aj.k < oo for all k}.
Criterion: (GROTHENDIECK-PIETSCH)

A(A) nuclear < Vk3p : 37 aj «/aj ktp < 00
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Classical Problems

» Isomorphic classification.
» By topological linear invariants.

> Separating spaces.
» Giving a complete identification, at least among spaces of a
subclass.

» By properties of L(E, F), making isomorphisms impossible.
» Existence of a basis.

> Yes or no?

> If yes determine the coordinate space.
» Quasi-equivalence.

» General problem (unsolved!!!)
» Under certain assumptions.
» Quasi-diagonal classification by topological linear invariants.
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Question: A\e = Ar 7
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nonzero numbers, reorder basis.

Comment: If it is only this, it is the ‘same space’ anyhow, it is
analogue to ‘congruent triangles’.

Definition: Two Ko6the spaces A(A), A(B) are quasi-equivalent

d
(A(A) S A(B)) if there is a permutation m of Ng and a positive
sequence t; such that A\(A) = A(B) where B = (tjbr(j) k); k-

NOTATION: Two bases are quasi-equivalent if their coordinate
spaces are quasi-equivalent. E has the quasi-equivalence
property if all bases are quasi-equivalent.
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The quasi-equivalence problem

Fundamental problem: Do all nuclear Fréchet spaces have the
quasi-equivalence property?

EQUIVALENT: Are any two isomorphic nuclear Kéthe spaces
quasi-equivalent?

Problem is unsolved, however solutions have been given fo
many special classes of space.

Regular case:

Definition: A\(A) is called regular if %:1 is decreasing.
7>

Theorem (CRONE-ROBINSON): If A(A) = A(B) and one of them
is regular then they are quasi-equivalent.

Important class of regular spaces: power series spaces.
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Definition: Let 0 < ap < a3 <" o0, r € {0,00} then

Ar(@) = {x = (x); : lIxlle = X2 |xjle "% < oo for all t < r}

is called power series space, if r = oo of infinite type, if r = 0 of
finite type.

REMARK: Power series spaces are regular hence have the
quasi-equivalence property. This is also a special case of an
earlier Theorem of DRAGILEV, quoted later.

EXAMPLES: Ag(j'/") = H(D"), Aso(j'/") = H(C").
EARLY RESULT BY DRAGILEV 1965:

H(D) has the quasi-equivalence property.

Theorem (MITYAGIN): A (a) =2 As(B) & A(a) = As(B)

REMARK: This and Bessaca’s Theorem also show
quasi-equivalence.
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Non-regular case

Consider E = Aso(a) x Ag(B). E is not regular.
REASON: Regularity = e~ > e /m > g~ 1
S ap < efm < apyr forall e > 0.

Zakharyuta’'s Result: For reasonable «, 3 it has the
quasi-equivalence property and we get an isomorphic
classification among these spaces. Let us follow his arguments.

Definition (DraciLEV): A Kothe space A(A) belongs to class:
(dy) if 3pVg3r,C >0Vj: aﬁq < Cajpaj,.
(d2) if Yp3qVr3C >0V : Caf’q > aj paj,r-

EXAMPLES: Ax() € (d1), No(a) € (d2).

Theorem (DrAGILEV): If A(A) is regular, nuclear and in class
(d1) or (d2) then it has the quasi-equivalence property.
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Theorem (ZAKHARYUTA): If A(A) € (d2), A(B) € (d1) and A(B)
Montel then L(A(A), A\(B)) = K(A(A), A\(B)).

Corollary: If X is a quotient of A(A) € (d2) and Y a subspace of
A(B) € (d1), A(B) Montel, then L(X,Y) = K(X,Y).

Corollary: If in this case X or Y is infinite dimensional then
XZ2Y.

RecALL: X, Y Fréchet , T € L(X,Y) is called Fredholm if
N(T) and Y/R(T) are finite dimensional. ind T = dim N(T) -
codim R(T). T is Fredholm iff it is invertible mod compacts.

Lemma (Douapy): Let T : X; x Xo — Y1 X Y2 be an

isomorphism given by the matrix [Tll Te

To1 T2
= {_Sg; g;ﬂ If 751 and Sp; are compact, then T11 and T are

Fredholm.

} with inverse
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Isomorphisms of Cartesian products

RECALL: A space E is called shift-stable if K x E & E.
Corollary: If in Douady’s Lemma all spaces are shift-stable then
X1 Y1 and X2 = Y2

NoraTtION: (E,F) e Riff L(E,F) = K(E, F).

Theorem (ZAKHARYUTA): If T: Xy X Xo — Y1 X Yz isa

isomorphism, where all spaces are shift-stable Montel spaces
and (Xl, Y2) € R, (Yl,Xz) € Rthen X1 = Yy, Xo 2 Y5,

Theorem (ZaxkHARYUTA): For spaces of type Ag(a) x Aoo (),
where (aj/aji1) and (5j/Bj+1) are bounded, the isomorphy
class of E determines the isomorphy class of the factors.

EXAMPLE: The isomorphy class of H(D") x H(C™) determines
n and m.

Theorem (ZAKHARYUTA): Spaces Ng(a) X Aso(8), as above, have
the quasi-equivalence property.
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SOME NOTATION: U,V C X absolutely convex zero
neighborhoods. KoLMoGOROV diameters:

do(V,U) = inf inf{d6>0:V CdU+ L}
dim L<n

Diametral dimension of X:

N(X) = {v=(m) : VU3V :ydy(V,U) = 0}
F(X) = {y=1(m) : 3UYV :9n/dn(V,U) — 0}

EXAMPLES: T(As(@)) = Aso(a)’, T(Ao()) = Ao();
M(Aso(@)) = Aoo(@), T'(Ao(a)) = No(a)".

Theorem: 1. Both invariants distinguish power series spaces.
2. T'(X) distinguishes regular spaces.
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Explanation of problem

REMARK: If A(A) is regular then d,(Ug, Up) = Z:—Z If not then
comes in a permutation depending on p and q.
CONSEQUENCE:

» In the regular case I"(A(A)) is the union of countably many
diagonal transforms of A(A).

» In the general case '(A(A)) is the union of countably many
"twisted versions” of A(A).

GROTHENDIECK’S FACTORIZATION THEOREM: In both cases, if
I"(A(A)) = T'(X\(B)), the spaces coming from "(A(A)) and from
I(A(B)) are nested in each other.

» Regular case = Crone-Robinson.

» General case: what information remains?
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Counting invariants

PRINCIPLE: decreasing rearrangements of sequences = counting
functions.

Inverse diametral dimension for X = A\(A):

Y(X)=A{p : IpVq3Iclp(t)| S Wi : ajq/ajp < ce}}

For Kothe spaces X, Y: I'(X) =T'(Y) < (X)) =~y(Y).
Counting function: ma(t) = {j : o < t}.

EXAMPLES: ¢ denotes real valued function on R,.

TNo(@)) = {e: FALp(t)] < ma(At)}

TNso(a)) = {p = Ve [p(t)] S malet)}
TNo(@) X Ao(B)) = {p : FAVe [p(t)] < ma(At) + mps(et)}
TNo(@) ©Ao(B)) = {p = FAVe ()] S ma(At) - mp(et)}
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Tensor products

Consider E = Ao(a) @ Ao (). E is not regular.
REASON: Regularity = e ¥ fm > e=caw—fu
Seay+ Py > can+ fmforalle >0= 5, > fn.

EXAMPLE: a; = j¥" B; = jY/™ then my(t) ~ t", ma(t) ~ t™
= Y(MNo(@) @ Ao (B)) = {0 = l(t)] = o(t""™)}.

CONSEQUENCE:
No(GM™) @ Ao (GH/™) 2 N (M) @ Ao (jM) = n+ m = v + pu.

Theorem (DJAKOV - ZAKHARYUTA):
HD" x C™) =2 HD" x C*") < n+m=v+ pu.

Theorem (ZaxuARYUTA): If X = Ag(a) ® Ao (S),
Y = No() @ Noo(8') and all spaces are stable, i.e. aj/ay; etc.
bounded, then:

X2 Y & 5(X) = (V).
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First type power spaces

Definition: £ is the class of all Kéthe spaces E(\, a) = A(A)
where A has the form

—%“!‘)\jP)aj

RN (
ajp=e

)

where a; > 0 and 0 < \; <1 for all j.
They are called first type power spaces.
One distinguishes the cases:

1. \j — 0 (finite type; &1)
2. limA; > 0 (infinite type; &)
3. lim)\; =0, lim); > 0 (mixed type; &3)

EXAMPLES: 1. Ag(a) ® Ao(B) € &3

2. Tho = E(\, a) with ap, = mA/" \,, =v7 1" Thg € &,
TAo = T(H(D9)) for all dimensions d.
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Up to now all descriptions in terms of one-sided counting function.

To study the isomorphy, resp. quasi-equivalence structure of £

more sophisticated invariants are needed.

Lemma: If E()\,a) 2 E(u,b), then VB FA V6 Je:

(@) {j:p>0,t/B<b <Bt}| <|{j:A>¢e, t/A<a <
At}

(b) [ - py<e t/B<by<BH[<[{j:)<dt/A<a
At}

(c) Ve 3o
Hj:e<pj<e t/B<b <Bt}<|{j:d <)<
J, t/A < aj < At}

and the same relations hold with spaces interchanged.

IN

Theorem: If X = E()\,a), Y = E(u, b) and X £ X2 then:
X2yeXx2y.
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Quasi-equivalence

Theorem (DrAGILEV-BESsaGA): X nuclear Fréchet spaces, e, f
bases. Then there is a sequence jx — oo of indices and a
sequence 7y, > 0 such that A(|[ex]|p) = X v||fillp)-

Together with the previous this yields:

Theorem: If X = E(), a) is nuclear and X = X2 then X has the
quasi-equivalence property.

In particular we get for tensor-products:

Corollary: If X = Ag(a) ® Aso(B) is nuclear and Ag(cr) or Aso(f)
is stable then X has the quasi-equivalence property.

ExamMpPLE: H(D" x R™) has the quasi-equivalence property for
all n, m.
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Back to tensor products

Theorem: X = Ag(j*) @ Ao (G?), Y = Ao(j*) ® Ao (j?'). Tfae:
1. XZY.
qd
2. X > Y.
3. 9(X) =(Y).
4. 1ja+1/8=1/a"+1/5".
Theorem: (CHALOV-ZAKHARYUTA): X = Ag(eY) ® Aoo(e¥),
Y = No(e*7) @ Ao (7). Tfae: 1., 2., 3. and
4. af =d'f.
Theorem: (ZAKHARYUTA): Y = Ag(e/”) ® A (&),
Y = Ao(e/" ) ® Aso(e/” ). Then:
L.X=2YeX=Y
2. "Lemma” & y(X) =~(Y) < 1/a+1/8=1/d"+1/p".
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Multirectangular invariants

Consider X = E(\, a) with a; > 1, 0 < A\; <1 for all j and likewise
Y = E(u, b).

Definition: For m € N the m-regular characteristic of

X = E(), a) is given by

m
(8,67, t) = U{J D0k < A <ep, Tk < aj <t}
k=1

where 0, €, T, t are sequences, admitting the inequalities.
Definition: (u) =~ (u)) if there is a bijection ¢ : [0,2] — [0, 1]
and a constant A such that

pim(0, €7, 1) < i (9(0), 9 H(e)i 7/, At)

for all parameters and symmetric condition.

d
Theorem (CHALOV-ZAKHARYUTA): X Lyeo (uX) ~ (u)) .
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The difficulties grow, the closer you come to your task.
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Summary
First paper quoted: Studia Math. 1973, submitted 1971
Last paper quoted: Studia Math. 2011, submitted 2011
This means: story told in this lecture went over 4o years!

Results not touched in this lecture:
> Second type power spaces:
ajp= exp(—% + min(Ajp))aj, 1 < ;.
» Tensor products of (F)- and (DF)-spaces.

» Gradually relaxing the assumptions (non-nuclear,
non-Schwartz).

» Classification of function spaces in Real and Complex
Analysis.

» Spectral theory in locally convex spaces.



Good luck Slava
have a happy time
in your new home!!



