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‘H — complex Hilbert space
L(H) — algebra of all bounded linear operators
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‘H — complex Hilbert space
L(H) — algebra of all bounded linear operators

Z C L(H) — subset
W(Z) — the smallest algebra with I containing Z and
closed in WOT
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‘H — complex Hilbert space
L(H) — algebra of all bounded linear operators

Z C L(H) — subset
W(Z) — the smallest algebra with I containing Z and
closed in WOT

LatW={LCH: AL C L forall Ae W}
Alg LatWW = {B € L(H) : Lat W C Lat B}

W C Alg LatW C L(H)
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Definition (Sarason, Halmos)

W is reflexive Aoy = Alg LatVVW
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Definition (Sarason, Halmos)

W is reflexive Aoy = Alg LatVVW
W is transitive <2
Alg LatW = L(H) <= LatW = {H,{0}}
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Definition (Sarason, Halmos)

W is reflexive Aoy = Alg LatVVW
W is transitive <2
Alg LatW = L(H) <= LatW = {H,{0}}

Subspaces of L(H)

M C L(H) — subspace
refM = {B € L(H) : Bx € Mz, for all z € H}
M CrefM C L(H)
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Definition (Sarason, Halmos)

W is reflexive Aoy = Alg LatVVW
W is transitive <2
Alg LatW = L(H) <= LatW = {H,{0}}

Subspaces of L(H)

M C L(H) — subspace
refM = {B € L(H) : Bx € Mz, for all z € H}
M CrefM C L(H)

Definition (Loginov, Shulman)

M is reflexive &M= refM
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Definition (Sarason, Halmos)

W is reflexive Aoy = Alg LatVVW
W is transitive <2
Alg LatW = L(H) <= LatW = {H,{0}}

Subspaces of L(H)

M C L(H) — subspace
refM = {B € L(H) : Bx € Mz, for all z € H}
M CrefM C L(H)

Definition (Loginov, Shulman)

M is reflexive &M= refM
M is transitive <L refM = L(H)
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Toeplitz operator in finite dimensional space
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Toeplitz operator in finite dimensional space

(0 0 --- 0 0]
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Qp Ap—1 -+ Qo
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Lat A, = {{0},{0} & C,--- , {0} & C" C"}
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Lat A, = {{0},{0} & C,--- , {0} & C" C"}

apo 0 0 cee 0
a1p a1 0 cee 0
AlgLat A, = { [@20 a21 axn -+ 0 |.q,€C

Apo An1 Gp2 - Qpp
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Lat A, = {{0},{0} & C,--- , {0} & C" C"}

apo 0 0 cee 0
a1p a1 0 cee 0
AlgLat A, = { [@20 a21 axn -+ 0 |.q,€C

Apo An1 Gp2 - Qpp

A, & AlgLat A, = A, is not reflexive
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Qo a_q e a_y,

air Qo a_n—1

,a;, €C

Qp QAp—1 - *° Qo
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Qo a_q e a_y,
a a - A_p-1

,];L = . . . . , L a; € C
Qp QAp—1 - *° Qo

ref 7, = L(C")

7T, is transitive thus not reflexive
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Example

oo ) o o)
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Example

o= ) o)

W, = { [g 2] ca, B € C} is not reflexive.
Wy = { [g 21 ®la]:a,pe (C} is reflexive.

by MAREK PTAK Reflexivity and Toeplitz operators



Example

o= ) o)

W, = { [g 2] ca, B € C} is not reflexive.

a 0
w-{fo 0

Lat W, 2 C? @ {0},{0} @ {0} ® C,C @ {0} & {0},
{(z,0,z) : z € C}, {(z,2,0) : x € C}.

1 ®la]:a,pe (C} is reflexive.
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( =L(H
(A, t) =tr(At), A€ L(H), teTc
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(te)* = L(H)
(A, t) =tr(At), A€ L(H), teTc

M C L(H)
IM={terc:tr(At)=0,4 € M}
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(te)* = L(H)
(A, t) =tr(At), A€ L(H), teTc

M C L(H)
IM={terc:tr(At)=0,4 € M}

r,yeH (z®y)z=(zy)z, AeL(H)
Az ®y) =trA(z @y) = (Az,y)
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(te)* = L(H)
(A, t) =tr(At), A€ L(H), teTc

M C L(H)
IM={terc:tr(At)=0,4 € M}

r,yeH (z®y)z=(zy)z, AeL(H)
Az ®y) =trA(z @y) = (Az,y)

B erefM < Vz,yeH
VAeM (Az®y)=0)— (B,z®y)=0
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(te)* = L(H)
(A, t) =tr(At), A€ L(H), teTc

M C L(H)
IM={terc:tr(At)=0,4 € M}

r,yeH (z®y)z=(zy)z, AeL(H)
Az ®y) =trA(z @y) = (Az,y)

B erefM < Vz,yeH
VAeM (Az®y)=0)— (B,z®y)=0

M C L(H) — w*-closed subspace
M is reflexive <= Fy(H) N L M spans | M
M is transitive <= Fi(H) N M = {0}
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Toeplitz Operators on the unit circle

H? — Hardy space Py2: L? — H?
SeL(H?) (Sf)(z)=2f(z) feH
pEeL® T,f=Pplef) feH

T, — Toeplitz operator
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Toeplitz Operators on the unit circle

H? — Hardy space Py2: L? — H?
SeLH?) (Sf)(z)==2f(z) [feH?
pEeL® T,f=Pplef) feH

T, — Toeplitz operator

AD) = {T,, : o € H™} = W(S)
AD)={X € L(H?) : T,X = XT.}.
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Toeplitz Operators on the unit circle

H? — Hardy space Py2: L? — H?
SeLH?) (Sf)(z)==2f(z) [feH?
pEeL® T,f=Pplef) feH

T, — Toeplitz operator

AD) = {T,, : o € H™} = W(S)
AD)={X € L(H?) : T,X = XT.}.

Qo 0 0
a; ag O

A(D) = W(S) = e ec

Gz a3 Qo

by MAREK PTAK Reflexivity and Toeplitz operators



T(D) = {T, : ¢ € L=}
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T(D) = {T, : ¢ € L=}
TD) = {X € L(H?) : X = T*XT.}.
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T(D) = {T, : ¢ € L=}
TD) = {X € L(H?) : X = T*XT.}.

apg a—1 a_o
aq ap a_1

T(D) = g ec

a9 aq Qo
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T(D)={T,:pc L™}

T(D) = {X € L(H?) : X = T*XT.}.
apg a—1 a_o
aq ap a_1

T(D) = g ec

a9 aq Qo

A(D), T (D) weak-star closed
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T(D) = {T, : ¢ € L=}
TD) = {X € L(H?) : X = T*XT.}.

apg a—1 a_o
aq ap a_1

T(D) = g ec

a9 aq Qo

A(D), T (D) weak-star closed

ayp a_; O 0
aq oy O 0
(0%) a1 Qy o7

span(S*, W(S)) ~
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Theorem (Sarason’68)

S unilateral shift = W(S) = A(D) is reflexive
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Theorem (Sarason’68)

S unilateral shift = W(S) = A(D) is reflexive

Proof:
Ex = (1, A2 03 ...), {ky : X € D} dense in H?
S*ky = Mky,

A€ Alglat S = A* € Alg Lat S* —> Ck; € Lat A* —
S*A* = A*S => SA = AS => A € W(S)
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Theorem (Sarason)

M C A(D) w*-closed subspace => M s reflexive ( A(D)
is hereditary reflexive)

by MAREK PTAK Reflexivity and Toeplitz operators



Theorem (Sarason)

M C A(D) w*-closed subspace => M s reflexive ( A(D)
is hereditary reflexive)

M is elementary (Property A;) iff |\ M + F} = 7¢
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Theorem (Sarason)

M C A(D) w*-closed subspace => M s reflexive ( A(D)
is hereditary reflexive)

M is elementary (Property A;) iff |\ M + F} = 7¢

(& Vo: M — C cont.
dr,ye H p(A)=< A,z @y >=(Az,y), Ae M)
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Proposition

M is reflerive =
( M is elementary <= M is hereditary reflexive )
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Proposition

M is reflerive =
( M is elementary <= M is hereditary reflexive )

Proposition (Azoff, MP)
7 (D) is transitive
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Proposition

M is reflerive =
( M is elementary <= M is hereditary reflexive )

Proposition (Azoff, MP)
7 (D) is transitive

Proof:
f?g € HZa f®g € LT(]DD

Voere 0= (T, f®g)=(Tof,9)=[pfgdm
fg=0= f=0o0rg=0
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Proposition
7 (D) is 2-reflexive
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Proposition
7 (D) is 2-reflexive

(Azoff)

A subspace M C L(H) is called k-reflexive if

M®F) = 15H®) G e M} is reflexive in L(H™®), where
SM — S @S and HO —He - & H.
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Proposition
7 (D) is 2-reflexive

(Azoff)

A subspace M C L(H) is called k-reflexive if

M®F) = 15H®) G e M} is reflexive in L(H™®), where
SM — S @S and HO —He - & H.

(Larson Kraus)
M C L(H) — w*-closed subspace
M is k-reflexive <= Fj(H) N | M spans ;| M
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Proposition
7 (D) is 2-reflexive

(Azoff)

A subspace M C L(H) is called k-reflexive if

M®F) = 15H®) G e M} is reflexive in L(H™®), where
SM — S @S and HO —He - & H.

(Larson Kraus)
M C L(H) — w*-closed subspace
M is k-reflexive <= Fj(H) N | M spans ;| M

Proof:

T(D) ={X € L(H?) : X = T:XT,}.
XeTD)iffiVe,ye H (X,2Qy—T.x®Ty)=0
1T(D) = LT(D) N K
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Theorem (Azoff, MP)

B CT(D) w*-closed subspace
Q B is not transitive.
Q B is reflexive.
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Theorem (Azoff, MP)

B CT(D) w*-closed subspace
Q B is not transitive.
Q B is reflexive.
Q Thereis f € L' log|fle L [ fg=0 forgeB.
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Theorem (Azoff, MP)

B CT(D) w*-closed subspace
Q B is not transitive.
Q B is reflexive.
Q Thereis f € L' log|fle L [ fg=0 forgeB.

7 (D) is not elementary
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Theorem (Azoff, MP)

B CT(D) w*-closed subspace
Q B is not transitive.
Q B is reflexive.
Q Thereis f € L' log|fle L [ fg=0 forgeB.

7 (D) is not elementary
(Ll)* = [[>®

by MAREK PTAK Reflexivity and Toeplitz operators



Theorem (Azoff, MP)

B CT(D) w*-closed subspace
Q B is not transitive.
Q B is reflexive.
Q Thereis f € L' log|fle L [ fg=0 forgeB.

7 (D) is not elementary
(Ll)* = [[>®

Theorem (Bourgain)

feL! = fe H?H? < log|f| € L
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Proposition (Azoff, MP)
g€ H?H?, g # 0= L' = H*’H? + Cyg
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Proposition (Azoff, MP)
g€ H?H?, g # 0= L' = H*’H? + Cyg

Theorem (Azoff, MP)

Every intransitive hyperplane of T (D) is reflexive.
(Bysn ={Tp: [pgh=0})
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Proposition (Azoff, MP)
g€ H?H?, g # 0= L' = H*’H? + Cyg

Theorem (Azoff, MP)

Every intransitive hyperplane of T (D) is reflexive.
(Byon ={T,: [¢gh=0})

Theorem (Azoff, MP)

AD) c BS T(D)
B w*-closed => B 1s reflexive
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Example

Qg
a_q

O_n

€51
&%)
a_q

a_n

(%)

(&%)

a_q

18 reflexive.
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Example
o finner T7A(D) is reflexive
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Example
o finner T7A(D) is reflexive
o span(S*, W(S)) is reflexive

by MAREK PTAK Reflexivity and Toeplitz operators



Example
o finner T7A(D) is reflexive
o span(S*, W(S)) is reflexive
e span(S*™, ..., S*, W(S)) is reflexive)
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Example
o finner T7A(D) is reflexive
o span(S*, W(S)) is reflexive
e span(S*™, ..., S*, W(S)) is reflexive)
o T:"A(D) = span{S*™, S*"~1 ... S* 1,5, 5% ...} is
reflezive.

by MAREK PTAK Reflexivity and Toeplitz operators



Example
o finner T7A(D) is reflexive
o span(S*, W(S)) is reflexive
e span(S*™, ..., S*, W(S)) is reflexive)
o T A(D) = span{S*", S*~1 ... S* IS 5% ..} is
reflezive.
o log|f| ¢ L' TrA(D) is transitive
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Example

finner  T7A(D) is reflezive

o span(S*, W(S)) is reflexive

e span(S*™, ..., S*, W(S)) is reflexive)

o T A(D) = span{S*", S*~1 ... S* IS 5% ..} is
reflezive.

o log|f| ¢ L' TrA(D) is transitive

o (eg. f=xp,ECT, m(E)>0, m(E)<1)
T\, A(D) is transitive.
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Toeplitz Operators on the upper-half plane

Definition
HY(C,) (1 <p <o)
the space of analytic functions F': Cy — C such that

[ prp—— ( [1F@ +iy)|pd:v)p < .
y>0 R
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Toeplitz Operators on the upper-half plane

Definition
HY(C,) (1 <p <o)
the space of analytic functions F': Cy — C such that

[ prp—— ( [1F@ +iy)|”daz)p < .
y>0 R

H>(C,) the space of bounded analytic functions on C
with || F || geo(c,y = sy |F(x + 1y)]|.
y
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Toeplitz Operators on the upper-half plane

Definition
HY(C,) (1 <p <o)
the space of analytic functions F': Cy — C such that

[ prp—— ( [1F@ +iy)|”daz)p < .
y>0 R

H>(C,) the space of bounded analytic functions on C
with || F || geo(c,y = sy |F(x + 1y)]|.
y

H?(C,) > f has non—tangential limits onto {z € C: z = 0},
HP(Cy) C LP(R).

by MAREK PTAK Reflexivity and Toeplitz operators



Toeplitz Operators on the upper-half plane

Definition
HY(C,) (1 <p <o)
the space of analytic functions F': Cy — C such that

[ prp—— ( [1F@ +iy)|”daz)p < .
y>0 R

H>(C,) the space of bounded analytic functions on C
with || F || geo(c,y = sy |F(x + 1y)]|.
y

H?(C,) > f has non—tangential limits onto {z € C: z = 0},
HP(Cy) C LP(R).

v: Cy — D, y(2) = £, conformal mapping

v: R — T\ {1}, 7(t) = &%, one-to-one correspondence
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Up: LX(T) — LX(R), (U2f)(t) = Jz7p5 f(7(t)) — unitary
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= ek 100 - ity
D) — H?*(C,) unitary

Us: L®(T) — L*(R), Uxyp = ¢ o7y isometric isomorphism
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% f(y(t)) — unitary

Up: LX(T) — L*(R), (U2f)(t) (t
2 H?*(C,) unitary

Up(H*(D)) = H*(Cy), Up: H*(D

v%\

Uy: LP(T) — LP(R), 1< p<oo isometric isomorphism
) 1/p
)0 = (s ) FO0), teR

Us: L®(T) — L*(R), Uxyp = ¢ o7y isometric isomorphism
Us: H®(D) — H*(C,) isometric isomorphism.
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Redefine (U1f)(t) = 711z f(1(1))
Up: LY(T) — L'Y(R) isometric isomorphism.
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Redefine (U1f£(175) = “Hz f(v(1))

Up: LY(T) (R) isometric isomorphism.
Theorem

Let Uy, and Uy be as above then

(a> <(707 f) - <UOO<:07 U1f>; for all 2 € LOO(T)7 f € LI(T);
(b) U1(H°°( )1) =H>(Cy)y,

<( ; = (U7,

Uy is a weak* homeomorphism.
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Definition
® € L>*(R), Pr2(cy) - LQ(R) — H2(<C+)

ToF = Pyocy(PF), F € H*(Cy),

® € L>*°(R), Te Toeplitz operator
® € H*(C,), Ty analytic Toeplitz operator.

T(C.) = {Tp: ® € L®(R)}
A(Cy) ={Tp : ® € H*(C,)}
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¢: L™(T) — T(D) C B(H*(D)), £(p) =T
)

n: I=(R) — T(C.) € B(H(C4)), n(®) =T
the symbol maps
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¢: L™(T) — T(D) C B(H*(D)), £(p) =T
)

n: I=(R) — T(C.) € B(H(C4)), n(®) =T
the symbol maps

&, n weak* homeomorphisms

by MAREK PTAK Reflexivity and Toeplitz operators



§: L*(T) - T(D) c B(H*(D)), &(p) = T,
n: L=(R) — T(Cy) C BHA(C.)), n(®) =Ty
the symbol maps

&, n weak* homeomorphisms

§: T (D), — L(T)
e T(Cp)y — LY(R)
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§: L*(T) —» T(D) c B(H*(D)), &(p) = T.
n: L=(R) — T(Cy) C BHA(C.)), n(®) =Ty
the symbol maps

&, n weak* homeomorphisms

§: T (D), — L(T)
e T(Cp)y — LY(R)

(T, &1(f)) = (o, f) for ¢ € L=(T), f € LY(T)
(To, 0 (F)) = (@, F) for d € L*(R), F € L'(R).

by MAREK PTAK Reflexivity and Toeplitz operators



Theorem

If U, : B(H*(D))— B(H?(Cy)) is given by
Us(A) = U,AU; ', A € B(H*(D)), then
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Theorem

If U, : B(H*(D))— B(H?(Cy)) is given by
Us(A) = U,AU; ', A € B(H*(D)), then
(a) UsT,Us " = Tppoy, for all p € L>(T),
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Theorem

If Uy : B(H*(D)) — B(H*(Cy.)) is given by

Us(A) = U,AU; ', A € B(H*(D)), then

(a) UsT,Us " = Tppoy, for all p € L>(T),

(b) Up(T(D))Uz " = T(Cy) and Up(A(D))U; " = A(Cy),
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Theorem

If U, : B(H*(D))— B(H?(Cy)) is given by

Us(A) = U,AU; ', A € B(H*(D)), then

(a) UsT,Us " = Tppoy, for all p € L>(T),

(b) Up(T(D))Usz ' = T(Cy) and Up(A(D))U; "' = A(Cy),
(¢) Uy is a weak™ homeomorphism,
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Theorem

If U, : B(H*(D))— B(H?(Cy)) is given by
Us(A) = U,AU; ', A € B(H*(D)), then

)

) U2(T(D)Us ' =T(Cy) and Us(AD))U; " = A(C4),
(¢) Uy is a weak™ homeomorphism,

) the following diagram commutes
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Theorem
§: L™(T) — T(D) C BHA(D)), £() = T,

n: L(R) — T(Cy) C B(HA(C4)), n(®) = To
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Theorem
§: L*(T) — T(D) C B(H*(D)), &(¢
n: L=(R) — T(C4) C BHA(C,)), n(®) = Ty

then

Il
<3
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Theorem
§: L*(T) — T(D) C B(H*(D)), &(¢
n: L=(R) — T(C4) C BHA(C,)), n(®) = Ty

Il
<3
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Theorem

¢: L*(T) — T(D) C B(H*(D)), £(p) =T,

n: L=(R) — T(Cy) C B(H*(Cy)), n(®) =To
then
(a) (T, &(f)) = (Tvmg s (U f)) for all € L¥(T),
f e LY(T),
(b) the following diagram commutes
T(Cy). == L'(R)
ﬁ% iUﬁ
7(D). P LY(T)
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Lemat
H, IC — Hilbert spaces, U: H — K — a unitary operator
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Lemat
H, K - Hilbert spaces, U: H — K - a unitary operator
IfU: B(H) — B(K), U(A) = UAU !, then:
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Lemat

H, K - Hilbert spaces, U: H — K - a unitary operator
IfU: B(H) — B(K), U(A) = UAU™', then:

(a) U is an isometric isomorphism;
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Lemat

H, IC — Hilbert spaces, U: H — K — a unitary operator
IfU: B(H) — B(K), U(A) = UAU™', then:

(a) U is an isometric isomorphism;

(b) ref(U(S)) = U(refS) for S € B(H);
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Lemat

H, IC — Hilbert spaces, U: H — K — a unitary operator

IfU: B(H) — B(K), U(A) = UAU™', then:

(a) U is an isometric isomorphism;

(b) ref(U(S)) = U(refS) for S € B(H);

(¢) § C B(H) is reflezive (respectively transitive) if and
only if U (S) is reflexive (respectively transitive).
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Theorem

The algebra A(C.) is reflexive and the subspace T (C,) is
transitive.
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Theorem

The algebra A(C.) is reflexive and the subspace T (C,) is
transitive.

Theorem (Mtlocek, MP’2012)

Suppose that F C T(C.) is a weak™ closed subspace. Then
the following statements are equivalent
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Theorem

The algebra A(C.) is reflexive and the subspace T (C,) is
transitive.

Theorem (Mtlocek, MP’2012)

Suppose that F C T(C,) is a weak* closed subspace. Then
the following statements are equivalent
(1) F is not transitive,
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Theorem

The algebra A(C.) is reflexive and the subspace T (C,) is
transitive.

Theorem (Mtlocek, MP’2012)

Suppose that F C T(C,) is a weak* closed subspace. Then
the following statements are equivalent
(1) F is not transitive,

(2) F is reflexive,
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Theorem

The algebra A(C.) is reflexive and the subspace T (C,) is

transitive.

Theorem (Mtlocek, MP’2012)

Suppose that F C T(C,) is a weak* closed subspace. Then

the following statements are equivalent

(1) F is not transitive,

(2) F is reflexive,

(3) there is a function F: R — C such that F € L'(R),
log|F| € L'(R, 12 ) and fp ®Fdt =0 for all Ty € F.

71+t2
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Example

If G € L®(R) and Jg |log |G(t)|| 1%

18 transitive.

= 00, then T¢A(C,)

1+¢2 —
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Example

If G € L®(R) and g |log |G(t)|| 12z = oo, then Ta.A(C,)

18 transitive.

Taking a appropriate function G we get in particular;

(a) if G(t) = exp(—|t|) or G(t) = exp(—t?/2), then
TcA(Cy) is transitive,

(b) if G is the characteristic function of E C R with E
having finite non—zero Lebesgque measure, then
TcA(C,) is transitive.
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Example

If G € L*(R) and [ ‘ log|G(t)\‘ &t < oo then TgA(C,) is

i 14¢2
reflexive.
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Example

If G € L*(R) and fR‘log|G \‘th < oo then TgA(Cy) is

reflexive.

Taking a appropriate function G we get in particular;

(a) the subspace T, A(Cy) is reflexive for any A > 0,

(b) if G is an inner function on C, (i.e. G € H*(C,) and
IG(t)| =1 @ e.), then ToA(Cy) is reflezive,

(c) if G(t) = 1z, then Te A(Cy) is reflexive.

by MAREK PTAK Reflexivity and Toeplitz operators



Example

Let G € L*(R) and Bg :={Ts € T(C,): [ G®dt =0},
Let F € L'(R) then [z F®dt =0 for all ® such that

Ts € B iff F € span{G}. Hence the following holds:
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Example

Let G € L*(R) and Bg :={Ts € T(C,): [ G®dt =0},

Let F € L'(R) then [z F®dt =0 for all ® such that

Ts € B iff F € span{G}. Hence the following holds:

(a) if G is the characteristic function of E C R with E
having finite non—zero Lebesque measure, then Bg is
transitive,
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Example

Let G € L*(R) and Bg :={Ts € T(C,): [ G®dt =0},

Let F € L'(R) then [z F®dt =0 for all ® such that

Ts € B iff F € span{G}. Hence the following holds:

(a) if G is the characteristic function of E C R with E
having finite non—zero Lebesque measure, then Bg is
transitive,

(b) if G(t) = exp(—|t]*) and 0 < a <1 (> 1,
respectively), then subspace Bg is reflexive (transitive,
respectively),
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Example

Let G € L*(R) and Bg :={Ts € T(C,): [ G®dt =0},

Let F € L'(R) then [z F®dt =0 for all ® such that

Ts € B iff F € span{G}. Hence the following holds:

(a) if G is the characteristic function of E C R with E
having finite non—zero Lebesque measure, then Bg is
transitive,

(b) if G(t) = exp(—|t]*) and 0 < a <1 (> 1,
respectively), then subspace Bg is reflexive (transitive,
respectively),

(c) if G(t) = 1= (or more generally
G(t) = (1 + %) a < —3), then Bg is reflexive.

by MAREK PTAK Reflexivity and Toeplitz operators



Hyperreflexivity

A€ L(H) W C L(H) — algebra
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Hyperreflexivity

A€ L(H) W C L(H) — algebra
dist(A, W) =inf{||[A—=T| : T € W}
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Hyperreflexivity

A€ L(H) W C L(H) — algebra
dist(A, W) =inf{||[A-T| : T € W}
a(A, W) = sup{||PLAP| : P € Lat W}
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Hyperreflexivity

A€ L(H) W C L(H) — algebra
dist(A, W) =inf{||[A-T| : T € W}
a(A, W) = sup{||PrAP|| : P € Lat W}
(A, W) < dist(A, W)
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Hyperreflexivity

A€ L(H) W C L(H) — algebra
dist(A, W) =inf{||[A-T| : T € W}
a(A, W) = sup{||PrAP|| : P € Lat W}
(A, W) < dist(A, W)

Arveson
W is called hyperreflexive iff there is k& such that

dist(A, W) < ka(A,W)
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M C L(H) — subspace A € L(H)
dist(A, M) = inf{|]|]A — S| : S € M}
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M C L(H) — subspace A € L(H)
dist(A, M) = inf{|]|]A — S| : S € M}

AeL(H) Ae L(H)
a(A, M) = sup{||Q+AP| : Q* MP =0, Q, P projections}
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M C L(H) — subspace A € L(H)
dist(A, M) = inf{|]|]A — S| : S € M}

AeL(H) Ae L(H)
a(A, M) = sup{||Q+AP| : Q* MP =0, Q, P projections}
alA, M) < dist(A, M)
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M C L(H) — subspace A € L(H)
dist(A, M) = inf{|]|]A — S| : S € M}

AeL(H) Ae L(H)
a(A, M) = sup{||Q+AP| : Q* MP =0, Q, P projections}
alA, M) < dist(A, M)

(Larson, Kraus ) M is called hyperreflexive if there is k
such that

dist(A, M) < ka(A, M)
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M C L(H) — subspace A € L(H)
dist(A, M) = inf{|]|]A — S| : S € M}

AeL(H) Ae L(H)
a(A, M) = sup{||Q+AP| : Q* MP =0, Q, P projections}
alA, M) < dist(A, M)

(Larson, Kraus ) M is called hyperreflexive if there is k
such that
dist(A, M) < ka(A, M)

The smallest constant x(M) is called hyperreflexive
constant.
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dist(A, M) = sup{|(A, )| : t € T¢, t € ball | M}
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dist(A, M) = sup{|(A, )| : t € T¢, t € ball | M}

a(A, M) = sup{|(Az,y)| = [(A,z@y)| -z @y €
Fl(H) N ballLM}
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dist(A, M) = sup{|(A, )| : t € T¢, t € ball | M}

a(A, M) = sup{|(Az,y)| = [(A,z@y)| -z @y €
Fl(H) N ballLM}

A €refM <= a(A, M) =0
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dist(A, M) = sup{|(A, )| : t € T¢, t € ball | M}
a(A, M) = sup{|(Az,y)| = {4,z ®@y)| 2@y €
Fi(H) N ball M}

A€ refM <= a(A, M) =0

Proposition

M is norm—closed
M is hyperreflexivite = M s reflexivite
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dist(A, M) = sup{|(A, )| : t € T¢, t € ball | M}
a(A, M) = sup{|(Az,y)| = {4,z ®@y)| 2@y €
Fi(H) N ball M}

A€ refM <= a(A, M) =0

Proposition

M is norm—closed
M is hyperreflexivite = M s reflexivite

Proof:
AcrefM = a(A M) =0=dist(A, M) =0= A €
M
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Hyperreflexivity of analytic Toeplitz operators

Theorem (Davidson )

W(S) is hyperrreflexive, k(W(S)) < 19
(Klis, MP) x(W(S)) < 13
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Hyperreflexivity of analytic Toeplitz operators

Theorem (Davidson )
W(S) is hyperrreflexive, k(W(S)) < 19
(Klis, MP) x(W(S)) < 13

Tool: Nehari Theorem
|1 Hy || = dist(T,, A) = d(f, H>)

H, — Hankel operator

by MAREK PTAK
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ar(A, M) = sup{|tr(Af)| : f € F,(H)Nball, M}

A subspace M is k-hyperreflexive
if there is a such that for any A € L(H):

d(A, M) < aag(A,M).
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ar(A, M) = sup{|tr(Af)| : f € F,(H)Nball, M}

A subspace M is k-hyperreflexive
if there is a such that for any A € L(H):

d(A, M) < aag(A,M).

The smallest constant r;(M) is called k-hyperreflexive
constant.
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ar(A, M) = sup{|tr(Af)| : f € F,(H)Nball, M}

A subspace M is k-hyperreflexive
if there is a such that for any A € L(H):

d(A, M) < aag(A,M).

The smallest constant r;(M) is called k-hyperreflexive
constant.

Theorem (KIis)

ME =15®) . g c M} SH=Sg...08
M) hyperreflevive = M k-hyperreflexive
4=
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7 (T) is not hyperreflexive

Reflexivity and Toeplitz operators



7 (T) is not hyperreflexive

Theorem (Kli§, MP)
T(T) is 2-hyperreflexive and ro(7(T)) < 2.
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7 (T) is not hyperreflexive

Theorem (Kli§, MP)
T(T) is 2-hyperreflexive and ro(7(T)) < 2.
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7 (T) is not hyperreflexive
Theorem (Klis, MP)
T(T) is 2-hyperreflexive and ro(7(T)) < 2.

Theorem (Arveson)

There is a positive linear projection w: L(H?) — T (T) such
that

=1, || =1,

T)=T forT € T(T),

A) belongs to the weakly—closed convex hull of
{TF"ATF : k € N} for A € L(H?),

Q «(
Q 7(
Q 7(
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Proof:
A € L(H*(T))
m(A) € weakly—closed convex hull {T7% AT+ : k € N}

d(A, T(T)) < [[A=7(A)] < S A = T AT |

< supsup{|((A — T AT.x)z,y)| : 2,y € H(T), |z @ y|| = 1}
keN

< supsup{|(Az,y) — (A 2"z, 2y)| 1 2,y € HY(T), [z @ y|| = 1}
keN

< supsup{[tr(A(z ® y — 2"z @ 2°y))|:z,y € HX(T), |z ® yl|= 1}
keN

rank(z ® y — 2¥x ® 2Fy) < 2,

lz®y — 2Fz ® 2Fy|| < 21f||6€®y||—1
d(A, T(T)) < 2as(A, T(T)).
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Problem: Which reflexive subspaces B of 7 are
hyperreflexive?
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Problem: Which reflexive subspaces B of 7 are
hyperreflexive?

Example
T:"A(T) = span{S*", S*"=1 ... S* 1,5, 5% ...} is
hyperreflexive.
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Toeplitz Operators in Bergman space

L? C L*(D) — Bergman space
Ppz2: L*(D) — L2
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Toeplitz Operators in Bergman space

L? C L*(D) — Bergman space
Ppz2: L*(D) — L2

BeL(Ly) (Bf)(z)=z2f(2) felg
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Toeplitz Operators in Bergman space

L? C L*(D) — Bergman space
Ppz2: L*(D) — L2

BeL(Ly) (Bf)(z)=z2f(2) felg

peL*(D) T,f=Pglpf) fell
T, — Toeplitz operator
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Toeplitz Operators in Bergman space

L? C L*(D) — Bergman space
Ppz2: L*(D) — L2

BeL(Ly) (Bf)(z)=z2f(2) felg

peL*(D) T,f=Pglpf) fell
T, — Toeplitz operator

A(B) =A{T, : p € H*} = W(B)
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Toeplitz Operators in Bergman space

L? C L*(D) — Bergman space
Ppz2: L*(D) — L2

BeL(Ly) (Bf)(z)=z2f(2) felg

peL*(D) T,f=Pglpf) fell
T, — Toeplitz operator

A(B) = (T, : p € H*} = W(B)
T(B) = {T,: p € L*(D)}
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Theorem (Bercovici)
W(B) is reflexive

by MAREK PTAK Reflexivity and Toeplitz operators



Theorem (Bercovici)
W(B) is reflexive

There is a subspace of 7 (B) which is neither reflexive nor
transitive.
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Theorem (Bercovici)
W(B) is reflexive

There is a subspace of 7 (B) which is neither reflexive nor
transitive.

Theorem (Conway, MP)

T(B) = {p(B) + q(B)* : p,q polynomials} is hyperreflexive
with constant at most 3
B C T(B) w*-closed subspace = hyperreflexive.
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