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H – complex Hilbert space
L(H) – algebra of all bounded linear operators

Z ⊂ L(H) – subset
W(Z) – the smallest algebra with I containing Z and
closed in WOT

LatW = {L ⊂ H : AL ⊂ L for all A ∈ W}
Alg LatW = {B ∈ L(H) : LatW ⊂ LatB}

W ⊂ Alg LatW ⊂ L(H)
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Definition (Sarason, Halmos)

W is reflexive df⇐⇒W = Alg LatW

W is transitive df⇐⇒
Alg LatW = L(H)⇐⇒ LatW = {H, {0}}

Subspaces of L(H)

M⊂ L(H) – subspace
refM = {B ∈ L(H) : Bx ∈Mx, for all x ∈ H}
M ⊂ refM⊂ L(H)

Definition (Loginov, Shulman)

M is reflexive df⇐⇒M = refM
M is transitive df⇐⇒ refM = L(H)
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Toeplitz operator in finite dimensional space

Jn =



0 0 · · · 0 0
1 0 · · · 0 0
0 1 · · · 0 0
...
... . . .

...
...

0 0 · · · 1 0



W(Jn) = An =




a0 0 · · · 0
a1 a0 · · · 0
...

... . . . ...
an an−1 · · · a0

 : ai ∈ C
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LatAn = {{0}, {0} ⊕ C, · · · , {0} ⊕ Cn−1,Cn}

Alg LatAn =





a00 0 0 · · · 0
a10 a11 0 · · · 0
a20 a21 a22 · · · 0
...
...
... . . . ...

an0 an1 an2 · · · ann

 : aij ∈ C


An  Alg LatAn =⇒ An is not reflexive
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Tn =




a0 a−1 · · · a−n
a1 a0 · · · a−n−1
...

... . . . ...
an an−1 · · · a0

 , : ai ∈ C


ref Tn = L(Cn)

Tn is transitive thus not reflexive
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Example

W1 =W
([
0 0
1 0

])
, W2 =W

([
0 0
1 0

]
⊕ [0]

)
.

W1 =
{[
α 0
β α

]
: α, β ∈ C

}
is not reflexive.

W2 =
{[
α 0
β α

]
⊕ [α] : α, β ∈ C

}
is reflexive.

LatW2 3 C2 ⊕ {0}, {0} ⊕ {0} ⊕ C,C⊕ {0} ⊕ {0},
{(x, 0, x) : x ∈ C}, {(x, x, 0) : x ∈ C}.
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(τc)∗ = L(H)
〈A, t〉 = tr(A t), A ∈ L(H), t ∈ τc

M⊂ L(H)

⊥M = {t ∈ τc : tr(A t) = 0, A ∈M}

x, y ∈ H (x⊗ y) z = (z, y)x, A ∈ L(H)
〈A, x⊗ y〉 = trA(x⊗ y) = (Ax, y)

B ∈ refM⇐⇒ ∀x, y ∈ H

(∀A ∈M 〈A, x⊗ y〉 = 0) =⇒ 〈B, x⊗ y〉 = 0

M⊂ L(H) – w∗-closed subspace
M is reflexive ⇐⇒ F1(H) ∩ ⊥M spans ⊥M
M is transitive ⇐⇒ F1(H) ∩ ⊥M = {0}
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Toeplitz Operators on the unit circle

H2 – Hardy space PH2 : L2 → H2

S ∈ L(H2) (Sf)(z) = z f(z) f ∈ H2

ϕ ∈ L∞ Tϕf = PH2(ϕf) f ∈ H2

Tϕ – Toeplitz operator

A(D) = {Tϕ : ϕ ∈ H∞} =W(S)

A(D) = {X ∈ L(H2) : TzX = XTz}.

A(D) =W(S) =




a0 0 0 · · ·
a1 a0 0 · · ·
a2 a1 a0 · · ·
...
...
... . . .

 : ai ∈ C
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T (D) = {Tϕ : ϕ ∈ L∞}

T (D) = {X ∈ L(H2) : X = T ∗zXTz}.

T (D) =




a0 a−1 a−2 · · ·
a1 a0 a−1 · · ·
a2 a1 a0 · · ·
...
...

... . . .

 : ai ∈ C


A(D), T (D) weak–star closed

span(S∗,W(S)) ∼


α0 α−1 0 0 · · ·
α1 α0 α−1 0 · · ·
α2 α1 α0 α−1 · · ·
...
...

...
... . . .
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Theorem (Sarason’68)

S unilateral shift =⇒W(S) = A(D) is reflexive

Proof:
kλ = (1, λ, λ2, λ3, . . . ), {kλ : λ ∈ D} dense in H2
S∗kλ = λkλ
A ∈ AlgLat S =⇒ A∗ ∈ Alg LatS∗ =⇒ Ckλ ∈ LatA∗ =⇒
S∗A∗ = A∗S =⇒ SA = AS =⇒ A ∈ W(S)
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Theorem (Sarason)

M⊂ A(D) w∗-closed subspace =⇒M is reflexive ( A(D)
is hereditary reflexive)

M is elementary (Property A1) iff ⊥M+ F1 = τc

(⇔ ∀ϕ :M→ C cont.
∃x, y ∈ H ϕ(A) =< A, x⊗ y >= (Ax, y), A ∈M)
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Proposition
M is reflexive =⇒
(M is elementary ⇐⇒ M is hereditary reflexive )

Proposition (Azoff, MP)

T (D) is transitive

Proof:
f, g ∈ H2, f ⊗ g ∈ ⊥T (D)
∀ϕ∈L∞ 0 = 〈Tϕ, f ⊗ g〉 = 〈Tϕf, g〉 =

∫
ϕfg dm

fg = 0 =⇒ f = 0 or g = 0
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Proposition

T (D) is 2–reflexive

(Azoff)
A subspaceM⊂ L(H) is called k-reflexive if
M(k) = {S(k) : S ∈M} is reflexive in L(H(k)), where
S(k) = S ⊕ · · · ⊕ S and H(k) = H⊕ · · · ⊕ H.

(Larson Kraus)
M⊂ L(H) – w∗-closed subspace
M is k–reflexive ⇐⇒ Fk(H) ∩ ⊥M spans ⊥M

Proof:
T (D) = {X ∈ L(H2) : X = T ∗zXTz}.
X ∈ T (D) iff ∀x, y ∈ H 〈X, x⊗ y − Tzx⊗ Tzy〉 = 0
⊥T (D) = [⊥T (D) ∩ F2]
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Theorem (Azoff, MP)

B ⊂ T (D) w∗-closed subspace
1 B is not transitive.
2 B is reflexive.

3 There is f ∈ L1 log |f | ∈ L1
∫
fg = 0 for g ∈ B.

T (D) is not elementary

(L1)∗ = L∞

Theorem (Bourgain)

f ∈ L1 =⇒ f ∈ H2H2 ⇐⇒ log |f | ∈ L1
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Proposition (Azoff, MP)

g ∈ H2H2, g 6= 0 =⇒ L1 = H2H2 + Cg

Theorem (Azoff, MP)

Every intransitive hyperplane of T (D) is reflexive.
(Bg⊗h = {Tϕ :

∫
ϕ g h̄ = 0})
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Example

B=



α0 α1 α2 · · ·
α−1 α0 α1 · · ·
0 α−1 α0 · · ·
... 0 α−1 · · ·
α−n

... 0 . . .
... α−n

. . . . . .
...

... . . .


is reflexive.
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Example

f inner TfA(D) is reflexive

span(S∗,W(S)) is reflexive
span(S∗n, . . . , S∗,W(S)) is reflexive)
T ∗z
nA(D) = span{S∗n, S∗n−1, . . . , S∗, I, S, S2, . . . } is
reflexive.
log |f | /∈ L1 TfA(D) is transitive
(eg. f = χE,E ⊂ T, m(E) > 0, m(E) < 1)
TχE A(D) is transitive.
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Toeplitz Operators on the upper-half plane
Definition
Hp(C+) (1 6 p <∞)
the space of analytic functions F : C+ → C such that

‖F‖Hp(C+) := sup
y>0

( ∫
R
|F (x+ iy)|p dx

) 1
p

<∞.

H∞(C+) the space of bounded analytic functions on C+
with ‖F‖H∞(C+) = sup

y>0
|F (x+ iy)|.

Hp(C+) 3 f has non–tangential limits onto {z ∈ C : z = 0},
Hp(C+) ⊂ Lp(R).

γ : C+ → D, γ(z) = z−i
z+i , conformal mapping

γ : R→ T \ {1}, γ(t) = t−i
t+i , one-to-one correspondence
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U2 : L2(T)→ L2(R), (U2f)(t) = 1√
π
1
t+i f(γ(t)) – unitary

U2(H2(D)) = H2(C+), U2 : H2(D)→ H2(C+) unitary

Up : Lp(T)→ Lp(R), 1 6 p <∞ isometric isomorphism

(Upf)(t) =
(

1
π(t+i)2

)1/p
f(γ(t)), t ∈ R

U∞ : L∞(T)→ L∞(R), U∞ϕ = ϕ ◦ γ isometric isomorphism
U∞ : H∞(D)→ H∞(C+) isometric isomorphism.

by MAREK PTAK Reflexivity and Toeplitz operators



U2 : L2(T)→ L2(R), (U2f)(t) = 1√
π
1
t+i f(γ(t)) – unitary

U2(H2(D)) = H2(C+), U2 : H2(D)→ H2(C+) unitary

Up : Lp(T)→ Lp(R), 1 6 p <∞ isometric isomorphism

(Upf)(t) =
(

1
π(t+i)2

)1/p
f(γ(t)), t ∈ R

U∞ : L∞(T)→ L∞(R), U∞ϕ = ϕ ◦ γ isometric isomorphism
U∞ : H∞(D)→ H∞(C+) isometric isomorphism.

by MAREK PTAK Reflexivity and Toeplitz operators



U2 : L2(T)→ L2(R), (U2f)(t) = 1√
π
1
t+i f(γ(t)) – unitary

U2(H2(D)) = H2(C+), U2 : H2(D)→ H2(C+) unitary

Up : Lp(T)→ Lp(R), 1 6 p <∞ isometric isomorphism

(Upf)(t) =
(

1
π(t+i)2

)1/p
f(γ(t)), t ∈ R

U∞ : L∞(T)→ L∞(R), U∞ϕ = ϕ ◦ γ isometric isomorphism
U∞ : H∞(D)→ H∞(C+) isometric isomorphism.

by MAREK PTAK Reflexivity and Toeplitz operators



U2 : L2(T)→ L2(R), (U2f)(t) = 1√
π
1
t+i f(γ(t)) – unitary

U2(H2(D)) = H2(C+), U2 : H2(D)→ H2(C+) unitary

Up : Lp(T)→ Lp(R), 1 6 p <∞ isometric isomorphism

(Upf)(t) =
(

1
π(t+i)2

)1/p
f(γ(t)), t ∈ R

U∞ : L∞(T)→ L∞(R), U∞ϕ = ϕ ◦ γ isometric isomorphism

U∞ : H∞(D)→ H∞(C+) isometric isomorphism.

by MAREK PTAK Reflexivity and Toeplitz operators



U2 : L2(T)→ L2(R), (U2f)(t) = 1√
π
1
t+i f(γ(t)) – unitary

U2(H2(D)) = H2(C+), U2 : H2(D)→ H2(C+) unitary

Up : Lp(T)→ Lp(R), 1 6 p <∞ isometric isomorphism

(Upf)(t) =
(

1
π(t+i)2

)1/p
f(γ(t)), t ∈ R

U∞ : L∞(T)→ L∞(R), U∞ϕ = ϕ ◦ γ isometric isomorphism
U∞ : H∞(D)→ H∞(C+) isometric isomorphism.

by MAREK PTAK Reflexivity and Toeplitz operators



Redefine (U1f)(t) = 1π
1
1+t2 f(γ(t))

U1 : L1(T)→ L1(R) isometric isomorphism.

Theorem

Let U∞ and U1 be as above then
(a) 〈ϕ, f〉 = 〈U∞ϕ,U1f〉, for all ϕ ∈ L∞(T), f ∈ L1(T),
(b) U1(H∞(D)⊥) = H∞(C+)⊥,
(c) U∞ = (U−11 )∗,
(d) U∞ is a weak ∗ homeomorphism.
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Definition
Φ ∈ L∞(R), PH2(C+) : L2(R)→ H2(C+)

TΦF = PH2(C+)(ΦF ), F ∈ H2(C+),

Φ ∈ L∞(R), TΦ Toeplitz operator
Φ ∈ H∞(C+), TΦ analytic Toeplitz operator.

T (C+) = {TΦ : Φ ∈ L∞(R)}

A(C+) = {TΦ : Φ ∈ H∞(C+)}

by MAREK PTAK Reflexivity and Toeplitz operators



ξ : L∞(T)→ T (D) ⊂ B(H2(D)), ξ(ϕ) = Tϕ,

η : L∞(R)→ T (C+) ⊂ B(H2(C+)), η(Φ) = TΦ
the symbol maps

ξ, η weak ∗ homeomorphisms

ξ∗ : T (D)∗ → L1(T)
η∗ : T (C+)∗ → L1(R)

〈Tϕ, ξ−1∗ (f)〉 = 〈ϕ, f〉 for ϕ ∈ L∞(T), f ∈ L1(T)
〈TΦ, η−1∗ (F )〉 = 〈Φ, F 〉 for Φ ∈ L∞(R), F ∈ L1(R).
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Theorem

If Ũ2 : B(H2(D))→B(H2(C+)) is given by
Ũ2(A) = U2AU−12 , A ∈ B(H2(D)), then

(a) U2TϕU−12 = Tϕ◦γ, for all ϕ ∈ L∞(T),
(b) U2(T (D))U−12 = T (C+) and U2(A(D))U−12 = A(C+),
(c) Ũ2 is a weak ∗ homeomorphism,
(d) the following diagram commutes

L∞(T)

U∞
��

ξ // T (D)

Ũ2
��

L∞(R) η
// T (C+)
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Ũ2(A) = U2AU−12 , A ∈ B(H2(D)), then
(a) U2TϕU−12 = Tϕ◦γ, for all ϕ ∈ L∞(T),
(b) U2(T (D))U−12 = T (C+) and U2(A(D))U−12 = A(C+),
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Ũ2∗

��

η∗ // L1(R)

U−11
��

T (D)∗ ξ∗
// L1(T)

by MAREK PTAK Reflexivity and Toeplitz operators



Theorem
ξ : L∞(T)→ T (D) ⊂ B(H2(D)), ξ(ϕ) = Tϕ
η : L∞(R)→ T (C+) ⊂ B(H2(C+)), η(Φ) = TΦ
then

(a) 〈Tϕ, ξ−1∗ (f)〉 = 〈TU∞ϕ, η−1∗ (U1f)〉 for all ϕ ∈ L∞(T),
f ∈ L1(T),

(b) the following diagram commutes

T (C+)∗
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Lemat
H, K – Hilbert spaces, U : H → K – a unitary operator

If Ũ : B(H)→ B(K), Ũ(A) = UAU−1, then:

(a) Ũ is an isometric isomorphism;
(b) ref (Ũ(S)) = Ũ(refS) for S ⊂ B(H);
(c) S ⊂ B(H) is reflexive (respectively transitive) if and
only if Ũ(S) is reflexive (respectively transitive).
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If Ũ : B(H)→ B(K), Ũ(A) = UAU−1, then:

(a) Ũ is an isometric isomorphism;
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(a) Ũ is an isometric isomorphism;
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Theorem
The algebra A(C+) is reflexive and the subspace T (C+) is
transitive.

Theorem (Młocek, MP’2012)

Suppose that F ⊂ T (C+) is a weak ∗ closed subspace. Then
the following statements are equivalent

(1) F is not transitive,
(2) F is reflexive,
(3) there is a function F : R→ C such that F ∈ L1(R),
log |F | ∈ L1

(
R, dt1+t2

)
and

∫
RΦFdt = 0 for all TΦ ∈ F .
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Example

If G ∈ L∞(R) and
∫
R

∣∣∣ log |G(t)|∣∣∣ dt1+t2 =∞, then TGA(C+)
is transitive.

Taking a appropriate function G we get in particular;
(a) if G(t) = exp(−|t|) or G(t) = exp(−t2/2), then
TGA(C+) is transitive,

(b) if G is the characteristic function of E ⊂ R with E
having finite non–zero Lebesgue measure, then
TGA(C+) is transitive.
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Example

If G ∈ L∞(R) and
∫
R

∣∣∣ log |G(t)|∣∣∣ dt1+t2 <∞ then TGA(C+) is
reflexive.

Taking a appropriate function G we get in particular;
(a) the subspace TeiλtA(C+) is reflexive for any λ > 0,
(b) if G is an inner function on C+ (i.e. G ∈ H∞(C+) and
|G(t)| = 1 a.e.), then TGA(C+) is reflexive,

(c) if G(t) = 1
1+t2 , then TGA(C+) is reflexive.
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Example

Let G ∈ L1(R) and BG := {TΦ ∈ T (C+) :
∫
RGΦ dt = 0}.

Let F ∈ L1(R) then
∫
R FΦ dt = 0 for all Φ such that

TΦ ∈ BG iff F ∈ span{G}. Hence the following holds:

(a) if G is the characteristic function of E ⊂ R with E
having finite non–zero Lebesgue measure, then BG is
transitive,

(b) if G(t) = exp(−|t|α) and 0 6 α < 1 (α > 1,
respectively), then subspace BG is reflexive (transitive,
respectively),

(c) if G(t) = 1
1+t2 (or more generally

G(t) = (1 + t2)α, α < −12), then BG is reflexive.
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Hyperreflexivity

A ∈ L(H) W ⊂ L(H) – algebra

dist(A,W) = inf{‖A− T‖ : T ∈ W}

α(A,W) = sup{‖P⊥AP‖ : P ∈ LatW}

α(A,W) 6 dist(A,W)

Arveson
W is called hyperreflexive iff there is k such that

dist(A,W) 6 k α(A,W)
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M⊂ L(H) – subspace A ∈ L(H)
dist(A,M) = inf{‖A− S‖ : S ∈M}

A ∈ L(H) A ∈ L(H)

α(A,M) = sup{‖Q⊥AP‖ : Q⊥MP = 0, Q, P projections}

α(A,M) 6 dist(A,M)

(Larson, Kraus )M is called hyperreflexive if there is k
such that

dist(A,M) 6 k α(A,M)

The smallest constant κ(M) is called hyperreflexive
constant.
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dist(A,M) = sup{|〈A, t〉| : t ∈ τc, t ∈ ball⊥M}

α(A,M) = sup{|(Ax, y)| = |〈A, x⊗ y〉| : x⊗ y ∈
F1(H) ∩ ball⊥M}

A ∈ refM⇐⇒ α(A,M) = 0

Proposition
M is norm–closed
M is hyperreflexivite =⇒M is reflexivite

Proof:
A ∈ refM =⇒ α(A,M) = 0 =⇒ dist(A,M) = 0 =⇒ A ∈
M
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Hyperreflexivity of analytic Toeplitz operators

Theorem (Davidson )

W(S) is hyperrreflexive, κ(W(S)) < 19
(Kliś, MP) κ(W(S)) < 13

Tool: Nehari Theorem
‖Hϕ‖ = dist(Tϕ,A) = d(f,H∞)

Hϕ – Hankel operator
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αk(A,M) = sup{|tr(Af)| : f ∈ Fk(H) ∩ ball⊥M}

A subspaceM is k–hyperreflexive
if there is a such that for any A ∈ L(H):

d(A,M) 6 aαk(A,M).

The smallest constant κk(M) is called k–hyperreflexive
constant.

Theorem (Kliś)

M(k) = {S(k) : S ∈M} S(k) = S ⊕ · · · ⊕ S
M(k) hyperreflexive =⇒ M k–hyperreflexive

6⇐=
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T (T) is not hyperreflexive

Theorem (Kliś, MP)

T (T) is 2–hyperreflexive and κ2(T (T)) 6 2.

Theorem (Arveson)

There is a positive linear projection π : L(H2)→ T (T) such
that

1 π(I) = I, ‖π‖ = 1,
2 π(T ) = T for T ∈ T (T),
3 π(A) belongs to the weakly–closed convex hull of
{T kz

∗
AT kz : k ∈ N} for A ∈ L(H2),

by MAREK PTAK Reflexivity and Toeplitz operators



T (T) is not hyperreflexive

Theorem (Kliś, MP)

T (T) is 2–hyperreflexive and κ2(T (T)) 6 2.

Theorem (Arveson)

There is a positive linear projection π : L(H2)→ T (T) such
that
1 π(I) = I, ‖π‖ = 1,

2 π(T ) = T for T ∈ T (T),
3 π(A) belongs to the weakly–closed convex hull of
{T kz

∗
AT kz : k ∈ N} for A ∈ L(H2),

by MAREK PTAK Reflexivity and Toeplitz operators



T (T) is not hyperreflexive

Theorem (Kliś, MP)

T (T) is 2–hyperreflexive and κ2(T (T)) 6 2.

Theorem (Arveson)

There is a positive linear projection π : L(H2)→ T (T) such
that
1 π(I) = I, ‖π‖ = 1,
2 π(T ) = T for T ∈ T (T),

3 π(A) belongs to the weakly–closed convex hull of
{T kz

∗
AT kz : k ∈ N} for A ∈ L(H2),

by MAREK PTAK Reflexivity and Toeplitz operators



T (T) is not hyperreflexive

Theorem (Kliś, MP)

T (T) is 2–hyperreflexive and κ2(T (T)) 6 2.

Theorem (Arveson)

There is a positive linear projection π : L(H2)→ T (T) such
that
1 π(I) = I, ‖π‖ = 1,
2 π(T ) = T for T ∈ T (T),
3 π(A) belongs to the weakly–closed convex hull of
{T kz

∗
AT kz : k ∈ N} for A ∈ L(H2),

by MAREK PTAK Reflexivity and Toeplitz operators



Proof:
A ∈ L(H2(T))
π(A) ∈ weakly–closed convex hull {T ∗zkATzk : k ∈ N}

d(A, T (T)) 6 ‖A− π(A)‖ 6 sup
k∈N
‖A− T ∗zkATzk‖

6 sup
k∈N
sup{|((A− T ∗zkATzk)x, y)| : x, y ∈ H2(T), ‖x⊗ y‖ = 1}

6 sup
k∈N
sup{|(Ax, y)− (Azkx, zky)| : x, y ∈ H2(T), ‖x⊗ y‖ = 1}

6 sup
k∈N
sup{|tr(A(x⊗ y − zkx⊗ zky))| :x, y ∈ H2(T), ‖x⊗ y‖= 1}.

rank(x⊗ y − zkx⊗ zky) 6 2,
‖x⊗ y − zkx⊗ zky‖ 6 2 if ‖x⊗ y‖ = 1,
d(A, T (T)) 6 2α2(A, T (T)).
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Problem: Which reflexive subspaces B of T are
hyperreflexive?

Example

T ∗z
nA(T) = span{S∗n, S∗n−1, . . . , S∗, I, S, S2, . . . } is
hyperreflexive.
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Toeplitz Operators in Bergman space

L2a ⊂ L2(D) – Bergman space
PL2a : L

2(D)→ L2a

B ∈ L(L2a) (Bf)(z) = z f(z) f ∈ L2a
ϕ ∈ L∞(D) Tϕf = PL2a(ϕf) f ∈ L

2
a

Tϕ – Toeplitz operator

A(B) = {Tϕ : ϕ ∈ H∞} =W(B)

T (B) = {Tϕ : ϕ ∈ L∞(D)}
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Theorem (Bercovici)

W(B) is reflexive

There is a subspace of T (B) which is neither reflexive nor
transitive.

Theorem (Conway, MP)

T (B) = {p(B) + q(B)∗ : p, q polynomials}∗ is hyperreflexive
with constant at most 3
B ⊂ T (B) w∗-closed subspace =⇒ hyperreflexive.
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