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» Let Q c C" be a bounded domain with a € Q and g be a
plurisubharmonic function in a neighborhood of a. If

g(z) - logllz—all=0(1)as z — a,

g is said to have a logarithmic pole at a.
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» Let Q c C" be a bounded domain with a € Q and g be a
plurisubharmonic function in a neighborhood of a. If

g(z) - logllz—all=0(1)as z — a,
g is said to have a logarithmic pole at a.

Let G(2, a) denote the family of all negative plurisubharmonic
functions on Q which have a logarithmic pole at a.
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» The extremal function

ga(z,a) = sup{g(z) : g € G(Q, a)}

is called the pluricomplex Green function of 2 with pole at a.
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» The extremal function

ga(z,a) = sup{g(z) : g € G(Q, a)}

is called the pluricomplex Green function of 2 with pole at a.

It follows that if f : 2 — Q' is holomorphic, then

g (f(2), f(w)) < ga(z,w) , z,w € Q.
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» For smooth plurisubharmonic functions, the Monge-Ampére
operator is defined by

(dd®v)" := dd®v A --- A dd°v

n times

where d = 8 + d is the exterior differentiation, d°® = i(d - 9),
and so dd°® = 2idd.
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» For smooth plurisubharmonic functions, the Monge-Ampére
operator is defined by

(dd®v)" := dd®v A --- A dd°v

n times

where d = 9 + 4 is the exterior differentiation, d® = i(d — 9),
and so dd® = 2idé.

It is proved by Demailly that for Q2 nice, gq solves the following
Dirichlet problem:

(dd®u)" = (27)"64 in Q,
u(z) » 0as z — 09,

{ ueC(Q\{a}) NG(Q a),

where d, is the Dirac mass at a.
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Problem Let Q° c C" be a bounded pseudoconvex domain with
0eQO. Let E » 0 be a compact subset of Q° and Q = Q° \ E.
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Problem Let Q° c C" be a bounded pseudoconvex domain with
0eQO. Let E » 0 be a compact subset of Q° and Q = Q° \ E.

1. For what kind of set E does there exist  with Q ¢ € c Q°
such that

ga(z.0) = g(2,0) for all z € Q?
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Problem Let Q° c C" be a bounded pseudoconvex domain with
0eQO. Let E » 0 be a compact subset of Q° and Q = Q° \ E.

1. For what kind of set E does there exist 2 with Q ¢ § c Q°
such that
902(2.0) = g5(z,0) forall z € Q7
2. What is the largest ) that satisfies (1)?
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» 0 c C"is called a Reinhardt domain if (z1, ..., z,) € Q implies
(e%z,...,e"%z,) e Qforevery (e,...,e%) e (0A)".
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» 0 c C"is called a Reinhardt domain if (z1, ..., z,) € Q implies
(e%z,...,e"%z,) e Qforevery (e,...,e%) e (0A)".
It is called a complete Reinhardt domain if (z1,...,2,) € Q
implies (r1€%zy,. .., rme"z,) € Q forevery 0 < r; < 1 and
(e, ..., e%) e (o).
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» 0 c C"is called a Reinhardt domain if (z1, ..., z,) € Q implies
(€% z,...,e"%z,) € Qforevery (e,...,e%) e (0A)".
It is called a complete Reinhardt domain if (z1,...,2,) € Q
implies (r1€%zy,. .., rme"z,) € Q forevery 0 < r; < 1 and
(e, ..., e%) e (o).

» Let Q2 be a Reinhardt domain, g a function defined on it such
that

9(z1,...,2n) = 9(lz1l, .. .,1znl), for any z € Q,

then g is called polyradial.
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» If Q > 0 is Reinhardt domain, then the pluricomplex Green
function of Q with pole at 0 is polyradial as it is invariant under
biholomorphic transformations

(Z4,....27) = (6" z,...,e"%z,),

where (e',..., e"%) e (0A)".
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» Let Q° be a complete Reinhardt domain. Then

Q% ={zeC": hgo(z) < 1)
where hqo is the Minkowski function of Q°, defined by

hoo(2) = inf{t >0: ? € QO}, zeC"
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» Let Q° be a complete Reinhardt domain. Then

Q% ={zeC": hgo(z) < 1)
where hqo is the Minkowski function of Q°, defined by

hoo(2) = inf{t >0: ? € QO}, zeC"

Note that hqo(12) = |A|hqo(z), for A € C, z € C".
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» Let Q° be a complete Reinhardt domain. Then

Q% ={zeC": hgo(z) < 1)
where hqo is the Minkowski function of Q°, defined by

hoo(2) = inf{t >0: ? € QO}, zeC"

Note that hqo(12) = |A|hqo(z), for A € C, z € C".

Proposition If Q° is a bounded pseudoconvex complete
Reinhardt domain with Minkowski function hqo,

dao(2,0) = log hao(2), z € Q°.
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» Define functions

{(z1,...,2n) = (log|zil,...,log|zal), (z1,...,25) € C"
and

e(Xq,...,%p) = (€,...,€), (X1,...,Xn) € [-00, )"

with log0 = —co and ™ = 0.
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» Define functions

{(z1,...,2n) = (log|zil,...,log|zal), (z1,...,25) € C"

and

e(Xq,...,%p) = (€,...,€), (X1,...,Xn) € [-00, )"

with log0 = —co and ™ = 0.

Let Q be a Reinhardt domain in C". Denote ¢(Q2) NR" = w.
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» Define functions
{(z1,...,2n) = (log|zil,...,log|zal), (z1,...,25) € C"
and
e(Xq,...,%p) = (€,...,€), (X1,...,Xn) € [-00, )"
with log0 = —co and ™ = 0.

Let Q be a Reinhardt domain in C". Denote ¢(Q2) NR" = w.

Proposition If g is a negative polyradial function in €2, then
g € PSH(Q) if and only if the restriction of go e to w is convex.

Bzal (Syracuse University) Extension Properties of Pluricomplex Green Function



» A function u : w — R is said to be a function with normalized
growth at —o if for any a = (ay, ..., an) € w, there exists C,
such that

u(ai +t,...,apn+1t)<t+ Cy,forany t <0.
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» A function u : w — R is said to be a function with normalized
growth at —o if for any a = (ay, ..., an) € w, there exists C,
such that

u(ai +t,...,apn+1t)<t+ Cy,forany t <0.

» Define

Uy,(x) = sup{u(x) : u: w — (—o0,0) convex with
normalized growth at — oo} .
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» A function u : w — R is said to be a function with normalized
growth at —o if for any a = (ay, ..., an) € w, there exists C,
such that

u(ai +t,...,apn+1t)<t+ Cy,forany t <0.

» Define

Uy,(x) = sup{u(x) : u: w — (—o0,0) convex with
normalized growth at — oo} .

We are going to call this function the convex envelope of w
with normalized growth at —co.
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Theorem (Klimek) If Q c C" is a bounded Reinhardt domain, then

Uy (X) = ga(e(x),0), x € w.
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Theorem Let Q° 5 0 be a pseudoconvex, bounded, complete
Reinhardt domain in C?. Let E # 0 be a closed, strictly
logaritmically convex subset of Q° and Q = Q° \ E. Then, there
exists a Reinhardt domain ) such that Q ¢ 2 c Q° and

9a(2,0) = g5(2,0), z€ Q.
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Theorem Let Q° 5 0 be a pseudoconvex, bounded, complete
Reinhardt domain in C?. Let E # 0 be a closed, strictly
logaritmically convex subset of Q° and Q = Q° \ E. Then, there
exists a Reinhardt domain ) such that Q ¢ 2 c Q° and

9a(2,0) = g5(2,0), z€ Q.

Strictly logarithmically convex means that ¢(E) is strictly convex.
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Case Q0 = A2

A,
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Case Q0 = A2

A,
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Case Q0 = A2
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Case Q0 = A2

A,
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Case 11f 61,6, < Zor6y, 6. > %, then Q = A2,

X1
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Case 1116, 60 < % or 61, 6, > §, then Q = A2,

X1
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Case 11f 61,02 < F or 6y, 6 > 5, then Q = A2,

X1
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Case2lf6y < 7and bz > 7:

A,
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Case2lf6y < 7and bz > 7:

A,
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:

A,
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Case2lf6y < 7and bz > 7:

A,
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Case2lf6y < 7and bz > 7:
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Case2lf6y < 7and bz > 7:
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Case2If 0y < Jand 6, > 7:
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Case2If 0y < Jand 6, > 7:

A,
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Case2If 0y < Jand 6, > 7:

A,
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Case2If 0y < Jand 6, > 7:
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When ¢(E) is not strictly convex:
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When ¢(E) is not strictly convex:
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When ¢(E) is not strictly convex:
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Thank you!
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