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Let K be a compact set in an open set D on a Stein manifold 
. By ADK we
denote the unit ball of the space H1 (D) considered as a subset of the space
C (K) (we always suppose that the restriction operator R : H1 (D) ! C (K)
is one-to-one and treat it as the identical imbedding). For a pair of Banach
spaces X1 � X0 with the linear continuous imbedding di (X1; X0) denotes the
Kolmogorov i-diameter (width) of the unit ball of X1 with respect to the unit
ball of X0 (see, e.g., [16]).
Kolmogorov raised the problem ([7, 8]) about the strict asymptotics for "-

entropy of the set ADK , which is equivalent (see, e.g., [10]) to the problem on the
strong asymptotics for the Kolmogorov diameters of this set:

ln di
�
ADK

�
� �� i1=n; i!1: (1)

here di
�
ADK

�
:= di (H

1 (D) ; AC (K)) and AC (K) is the closure of H1 (D) in
the space C (K).
Kolmogorov explained that, for good enough pairs (K;D) ; the weak asymp-

totics � ln di
�
ADK

�
� � i1=n holds with n = dim
 and conjectured that in the

case n = 1 the asymptotics should hold with the constant � = 1
�(K;D) , where

� (K;D) is Green capacity of a condenser (K;D).
Kolmogorov�s hypothesis has been con�rmed by e¤orts of many authors (see,

e.g., [1, 3, 4, 19, 10, 11, 18, 23, 15, 5]). The following statement summarizes, to
some extent, those one-dimensional results.

Proposition 1 (see, e.g., [23]) Let K be a regular compact subset of a regular
relatively compact open set D on an open Riemann surface 
, K = bKD, and D
is an intersection of countable (i.e. �nite or enumerable) decreasing sequence of
open sets Ds with each boundary @Ds consisted of a �nite set of closed Jordan
curves. Then the asymptotics (1) holds with n = 1 and � = 1

�(K;D) .

In multidimensional case, for a long time, the asymptotics (1) was known
only for some quite particular frames (K;D) (see, e.g., [17, 20]).The author con-
jectured [21, 22] that, for proper pairsK � D on a Stein manifold 
; dim
 = n;

the asymptotics (1) holds with � = 2�
�

n!
C(K;D)

�1=n
, where C (K;D) is the plur-

icapacity of the "pluricondenser" (K;D)[2]; it was also shown in [21, 22] how to
reduce the problem about the asymptotics (1) for n � 2 to the certain problem
of pluripotential theory. We state this pluripotential problem below after some
necessary de�nitions.
The Green pluripotential of a pluricondenser (K;D) on a Stein manifold 


is de�ned by the formula

! (z) = ! (D;K; z) := lim sup
�!z

sup fu (�) : u 2 P (K;D) g ; (2)

where P (K;D) is the set of all plurisubharmonic in D functions u such that
ujK � 0 and u (�) < 1 in D. We say that (K;D) is a pluriregular pair on 
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provided the conditions: (a) K is a compact subset of an open set D � 
 such
that K =. bKD and D has no component disjoint with K; (b) ! (D;K; z) � 0
on K and lim! (D;K; zj) = 1 for any discrete sequence fzjg in D. Given a
�nite subset F =

�
�1; : : : ; ��; : : : ; �m

	
� D and � = (��) 2 Rn+, the Green

multipole plurisubharmonic function gD (F; �; z) is de�ned ([21, 22], cf. [6, 9])
as a regularized upper envelope of the family of all functions u 2 Psh (D),
negative in D and satisfying the estimate u (z) � �� ln

��t(��)� t(z)��+ const in
some neighborhood U� of each point �� (in some local coordinates t : U� ! Cn
at ��). The following problem is crucial for many problems in Complex Analysis.

Problem 2 ([21, 22]) Given a pluriregular pair (K;D) on a Stein manifold does
there exist a sequence of multipole Green functions gD

�
F (j); �(j); z

�
converging

to ! (D;K; z)� 1 uniformly on any compact subset of D rK?

This problem has been solved recently by Poletsky [14] and Nivoche [12, 13].
Actually, we consider the Kolmogorov problem in the following more gen-

eral setting. Denote by A(D) the Fréchet space of all functions analytic in D
with the topology of uniform convergence on compact subsets and by A(K)
the locally convex space of all germs of analytic functions on K with the usual
inductive limit topology. We are concerned with the strict asymptotics of the
sequence of Kolmogorov diameters di (X1; X0) for couples of Banach spaces
X0; X1 satisfying the linear continuous imbeddings:

X1 ,! A(D) ,! A(K) ,! X0 (3)

and closely related with the spaces A(D) and A(K) in the following sense.

De�nition 3 We say that a couple of Banach spaces (X0; X1), satisfying the
imbeddings (3) is admissible for a pair (K;D) if for any other couple of Banach
spaces Y0; Y1 satisfying the linear continuous imbeddings:

X1 ,! Y1 ,! A(D); A(K) ,! Y0 ,! X0;

we have ln di (Y1 ; Y0) � ln di (X1 ; X0) as s!1.

For a pluriregular pair (K;D) ; there exists an admissible couple (X0; X1)
and the asymptotic class of the sequence ln di (X1 ; X0) is rather a characteristic
of the pair (K;D), since it does not depend on an individual couple X0; X1
admissible with this pair.

Problem 4 ([21, 22]) Let (K;D) be a pluriregular pair on a Stein manifold

; dim
 = n. Does the strict asymptotics

ln di (X1; X0) � �2�
�

n! i

C (K;D)

�1=n
; s!1 (4)

hold for some (hence, for any) couple of Banach spaces X0; X1, admissible for
(K;D)?
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Combining our approach from [21, 22] with the above-mentioned result of
Nivoche-Poletsky we establish the positive solution of this problem, namely

Theorem 5 The asymptotics (4) holds for any couple of Banach spaces X0; X1;
admissible for (K;D) if (K;D) is a pluriregular pair on a Stein manifold 
.

Corollary 6 Given a pluriregular pair (K;D) the asymptotics

ln di
�
ADK

�
� �2�

�
n! i

C (K;D)

�1=n
; i!1: (5)

holds if and only if the couple (AC (K) ;H1 (D)) is admissible for (K;D).

Although it is not clear, in general, how to describe the admissibility of
couples (AC (K) ;H1 (D)), there are some simple su¢ cient conditions provided,
due to Corollary 6, the asymptotics (5).

Theorem 7 Suppose that a pluriregular pair (K;D) is such that D b 
 is
strictly pluriregular, i.e. the function ! (z) = ! (D;K; z) has a plurisubharmonic
extension onto some open neighborhood of D. Then the asymptotics (5) is true.

References

[1] K. I. Babenko, On "-entropy of a class of analytic functions, Nauchn.
Doklady Vyssh. Shkoly, 2 (1958), 9-16.

[2] E. Bedford, A. B. Taylor, A new capacity for plurisubharmonic functions,
Acta Math, 149 (1982), 1-40.

[3] V. D. Erokhin, On asymptotics of "-entropy of analytic functions, Dok-
lady AN SSSR 120 (1958), 949-952.

[4] V. D. Erokhin, On the best approximation of functions analytically extend-
able from a given continuum into a given domain, Uspehi Matem. Nauk 14
(1968), 91-132

[5] S. D. Fisher, C. A. Micchelli, The n-width of sets of analytic functions,
Duke Math. J. 47 (1980), 789-801.

[6] M. Klimek, Pluripotential Theory, Clarendon Press, Oxford-NY-Tokyo,
1991.

[7] A. N. Kolmogorov, Asymptotic characteristics of certain totally bounded
metric spaces, Doklady AN SSSR 108 (1956), 585-589.

[8] A. N. Kolmogorov, V. M. Tikhomirov, "-entropy and "-capacity of sets in
functional spaces, Uspehi Matem. Nauk 14 (1959), 3-86.

[9] P. Lelong, Notions capacitaires et fonction le Green pluricomplex dans les
espaces de Banach, C. R. Acad. Sci. Paris 305 Serie I (1987), 71-76.

3



[10] A. L. Levin, V. M. Tikhomirov, On theorem of V. D. Erokhin, Russian
Math. Surveys 23 (1968), 119-132.

[11] T. V. Nguyen, Bases de Schauder dans certain espaces de functions holo-
morphes, Ann. Inst. Fourier, 22 (1972), 169-253.

[12] S. Nivoche, Sur une conjecture de Zahariuta et un probléme de Kolmogorov,
C. R. Acad. Sci. Paris, Sér. I Math. 333 (2001), 839-843.

[13] S. Nivoche, Proof of the conjecture of Zahariuta concerning a problem of
Kolmogorov on the "-entropy, Invent. Math. 158 (2004), 413-450.

[14] E. Poletsky, Approximation of plurisubharmonic functions by multipole
Green functions, Trans. Amer. Math. Soc. 335 (2003), 1579-1591.

[15] N. Skiba, Extendable bases and n-diameters of some classes of functions
analytic on a Riemann surfaces, Ph. D. Thesis, Rostov State University,
Rostov-on-Don, 1979.

[16] V. M. Tikhomirov, Widths and "-entropy, Russ. Math. Survey 38 (1983),
101-111.

[17] A. G. Vitushkin, The complexity estimation of tabulation problems, Fiz-
matgiz, Moscow, 1959.

[18] H. Widom, Rational approximation and n-dimensional diameter, JAT, 5
(1972), 169-253.

[19] V. Zahariuta, Continuable bases in spaces of analytic functions of one and
several variables, Sibirsk. Mat. Zh., 19 (1967), 277-292.

[20] V. Zahariuta, Extremal plurisubharmonic functions, Hilbert scales, and the
isomorphism of spaces of analytic functions of several variables, I, II. Teor.
Funkci¼¬, Funkcional. Anal. i Priloµzen. 19 (1974), 133-157; ibid. 21 (1974),
65-83.

[21] V. Zahariuta, Spaces of analytic functions and maximal plurisubharmonic
functions, Dr. Sci. Thesis, Rostov State University, Rostov-na-Donu, 1984,
281pp.

[22] V. Zahariuta, Spaces of analytic functions and complex potential theory, in:
Linear Topological Spaces and Complex Analysis 1 (1994), 74-146.

[23] V. Zahariuta, N. Skiba, Estimates of n-diameters of some classes of func-
tions analytic on Riemann surfaces, Mat. zametki 19 (1976), 899-911.

4


